The 3-P(Pa)S mechanism, based on the 3-Prismatic-Rotational-Spherical (PRS) mechanism, but with three of its revolution joints and passive links replaced by parallelogram structures, provides improved stiffness and better constraint of undesired Degree of Freedom (DOFs). The general method to establish the error model of a 3-P(Pa)S mechanism is simplifying it to a 3-PRS mechanism, which fails to account for the influence of the errors in the parallelogram structure. In this article, the error model of a spindle head based on 3-P(Pa)S mechanism was established. By projecting the structural errors of the parallelogram structure to the structural errors of a 3-PRS mechanism which is simplified from the 3-P(Pa)S mechanism, the errors of the parallelogram can be included into the model. Then, the projecting method was verified by an experiment on the spindle head to prove its correctness. Based on the error model, sensitivity analysis of the structural errors was carried out. According to the characteristic of the mechanism, two new sensitivity indexes, standardized signed local sensitivity index and standardized signed global sensitivity index, were proposed which can better reflect the influence of the structural errors on the end effector error and can also indicate whether some structural errors have similar or opposite influence on the end effector. Then, the most sensitive errors were derived and the sensitivity distribution within the workspace of the spindle head was analyzed. Additionally, two possible applications based on the sensitivity analysis were proposed to reduce the error of the spindle head.
Introduction
Compared to the conventional serial type mechanisms, parallel mechanisms are expected to have higher stiffness and perform with greater dexterity [1] [2] [3] [4] and have been widely applied in the design of machine tools. 1, 5, 6 In the last decades, a series of less-freedom parallel mechanisms were introduced as spindle head for machining, [7] [8] [9] [10] [11] [12] which can be installed on a serial type mechanism to realize 5-DOF movement, among which a series of the most widely used spindle heads are based on the 3-PRS mechanism. 13, 14 Additionally, some parallel mechanisms have been designed based on the parallelogram structure, which can provide higher stiffness and constrain undesired degrees of freedom. 15, 16 Therefore, a new less-freedom parallel mechanism is proposed based on the 3-PRS mechanism, in which three revolution joints and passive links were substituted by three parallelogram structures. Because of the existence of the parallelogram, the entire mechanism is named as 3-P(Pa)S mechanism, where "Pa" denotes the parallelogram structure.
Since there are more joints and links in the parallel mechanism that causing errors, the accuracy issue of the parallel mechanism is always one of the most important issues. Error modeling is the first step to investigate the error of a mechanism. The general error modeling method for this kind of parallel mechanisms with parallelogram structure is to replace the parallelogram by a link and a revolution joint since they are considered equivalent in the ideal condition. 17 For the 3-P(Pa)S mechanism, when the parallelogram structure is replaced, its error model can be simplified to the error model of a 3-PRS mechanism, which is well established. [18] [19] [20] [21] However, it is an incomplete error model since the influence of the errors in the parallelogram structure is not included, which may reduce the accuracy of the model.
In order to improve the error model, the errors of the parallelogram structure must be well considered. Huang et al. 22 established the error model of a 3-DOF parallel spindle head with parallelogram structure. By connecting two middle points on two opposite parallel links of the parallelogram and assuming the other two links of the parallelogram are uniformly parallel to each other, the errors of the four links of the parallelogram structure were transformed into the error between the two middle points. Chen et al. 15 established the error model of a 4-DOF selective compliance assembly robot arm with parallelogram structure using the same method. However, this method cannot to be used for the 3-P(Pa)S mechanism since some parts of the parallelogram structure in 3-P(Pa)S mechanism are rigid bodies but not links. Therefore, a new integrated error model including the errors of the parallelogram structure is needed for the 3-P(Pa)S mechanism.
In this article, the error model of a parallel type spindle head based on 3-P(Pa)S mechanism was established. To include the errors of the parallelogram structure into the error model, firstly, the error model of a 3-PRS mechanism simplified from 3-P(Pa)S mechanism was established. Then, two individual chains, the PRS chain and the P(Pa)S chain, of the 3-PRS and 3-P(Pa)S mechanism were analyzed, and the united kinematic equations of the PRS and P(Pa)S chains were established. An error projecting method was proposed to project the structural errors of the parallelogram to the structural errors of the 3-PRS mechanism. During the projection, the characteristic of the parallelogram was considered and the projection equation is simplified. Therefore, the errors of the parallelogram were included into the error model. Then, a verification experiment was carried out on the 3-P(Pa)S spindle head to verify the correctness of the error projection method.
Based on the error model, sensitivity analysis is necessary for the parallel mechanism, which can estimate the influence of structural errors on the error of the end effector, so the most sensitive structural errors can be derived and be paid more attention in the design, manufacture, and assembly process. Many researchers have done meaningful researches in sensitivity analysis. 23 For instance, Fan et al. 24 analyzed the sensitivity of the 3-PRS mechanism and derived the most sensitive errors. Additionally, some other researchers also proposed specific sensitivity indexes for a certain kind of mechanism to guide the design process. 25, 26 Li et al. 27 proposed a new sensitivity index, named as general global sensitivity fluctuation index, to reflect the error fluctuation within the workspace.
In this article, on the basis of the proposed error model, the sensitivity of the structural errors of the 3-P(Pa)S parallel type spindle head, especially the errors of the parallelogram structure, was analyzed. Firstly, the local sensitivity index (LSI) and the global sensitivity index (GSI) of the structural errors were calculated. Then, according to the characteristic of the 3-P(Pa)S mechanism, two new sensitivity indexes, standardized signed local sensitivity index (SSLSI) and standardized signed global sensitivity index (SSGSI), were proposed, which can better reflect the influence of the structural errors on the end effector and can also indicate whether some structural errors have similar or opposite influence on the end effector. Based on the new index, the most sensitive errors were derived. And the sensitivity distribution within the workspace of the spindle head was analyzed. Finally, two possible applications of SSLSI and SSGSI were proposed to reduce error of the spindle head.
The structure of the article is demonstrated as follows: the structure of the 3-P(Pa)S spindle head is introduced in "Structure description" section. Then the error modeling of the 3-P(Pa)S mechanism is presented in "Error modeling of the 3-P(Pa)S parallel type spindle head" section. In "Verification of the error projection" section, the proposed error projecting method was verified by an experiment on the spindle head. In "Sensitivity analysis" section, sensitivity analysis is carried out based on the error model. The final section is the conclusion.
Structure description
The structure of the 3-P(Pa)S parallel spindle head is shown in Figure 1 , and Figure 2 is the schematic of the spindle head. It is composed of two platforms (steady platform and moving platform) and three chains. The chains are uniformly distributed along the circumference of the platforms, and the angle between each pair of chains is 120 . There is a parallelogram structure in each chain. One side of the parallelogram is connected to a prismatic joint and its opposite side is fixed to a bar at the end of which is a spherical joint. The guide way of the prismatic joint is located on the steady platform and the spherical joint is located on the moving platform, and the axes along the guide ways are denoted by Z m1 -, Z m2 -, and Z m3 -axis. Three actuators were installed on the prismatic joint to control the pose of the mechanism. At the equilibrium pose, the axial line of the spindle is along the Z-axis. Compared to 3-PRS mechanism, 3-P(Pa)S mechanism substitutes the passive link and rotational joint with the parallelogram structure, so the stiffness can be improved since the chains of the mechanism become stronger. Additionally, because of the existence of the parallelogram structure, the undesired DOFs of the chain can be restrained.
Error modeling of the 3-P(Pa)S parallel type spindle head
The 3-P(Pa)S mechanism can be simplified to a 3-PRS mechanism in the ideal condition. Because of the symmetry, we only investigate chain 1 in its own plane, as shown in Figure 3 . In the figure, it can be derived that N 12 N 13 and N 11 N 14 have the same length and are parallel to each other. And because the orientation of M 14 M 11 is fixed by the prismatic joint, the orientation of N 11 N 14 is also fixed. Thus, the position of the point N 14 is unchanged when the parallelogram is rotating. And the rotation of the parallelogram M 11 M 12 N 13 M 13 M 14 is equal to the rotation of the line N 14 N 13 . Therefore, the 3-P(Pa)S mechanism is simplified to the 3-PRS mechanism. However, the structural error of the parallelogram structure is not included after the simplification. Thus, in this article, we would like to establish the relationship between the P(Pa)S chain and the PRS chain. And the structural errors of the parallelogram structure can be projected to the structural errors of the 3-PRS mechanism. So, the first step is establishing the error model of the 3-PRS mechanism simplified from the 3-P(Pa)S mechanism.
Error model of the 3-PRS mechanism simplified from the 3-P(Pa)S mechanism The structure of the 3-PRS mechanism simplified from the 3-P(Pa)S mechanism is shown in Figure 4 (a), in which the original 3-P(Pa)S mechanism is shown by dot line. Except for the parallelogram structure, the two mechanisms are the same, so the nomenclatures in the 3-PRS mechanism can also be applied to the 3-P(Pa)S mechanism. The coordinate frames were established as shown in Figure 4 (b). O Bi ði ¼ 1*3Þ is located at the connection point of the i th chain and the steady platform. O Ci ði ¼ 1*3Þ is located at the pedal from the center of the i th spherical joint to the rotational axis of the i th rotational joint. The fixed coordinate frame fO : O À XYZg is established at the center of the steady platform. In which the Z-axis is vertical to the steady platform and points to the moving platform. The Y -axis is located in the plane of the steady platform and points to the opposite direction of O B3 . The X -axis is vertical to the Y -axis and Z-axis to form a righthanded orthogonal frame. The moving coordinate frame fO 0 : O 0 À X 0 Y 0 Z 0 g is located at the center of the moving platform. The directions of the axes are identical to the fixed frame when the mechanism is at the equilibrium pose. There are three coordinate frames in each chain. Taking the first chain as an example, the coordinate frame fO B1 : O B1 À X B1 Y B1 Z B1 g is located at the point O B1 and fixed to the guide way of the prismatic joint. The Z B1 -axis points upward along the guide way. In the ideal condition, the X B1 -axis locates along the direction of the line OO B1 . Then, the Y B1 -axis is determined by the right-handed rule. The coordinate frame fO C1 : O C1 À X C1 Y C1 Z C1 g is on the slider of the prismatic joint. The Y C1 -axis locates along the rotational axis. The X C1 -axis and Z C1 -axis are parallel to the X B1 -axis and the Z B1 -axis, respectively, in the ideal condition. The coordinate frame fO D1 : O D1 À X D1 Y D1 Z D1 g locates at the point O D1 and is fixed to the passive link. The points O D1 and O C1 are coincident points. The Z D1 -axis is fixed along the passive link and the Y D1axis is coincident to the Y C1 axis, and the X D1 axis can be derived by the right-handed rule. For the convenience of error modeling, there are two groups of auxiliary coordinate frames. fO i : O i À X i Y i Z i gði ¼ 1*3Þ is established at the point O, the Z i axis is parallel to the Z-axis, and the X i -axis is parallel to the line OO Bi . The frame
is established in the same way on the moving platform.
The vector loops were established as shown in Figure  4 (c). Taking one chain as an example, P is the vector from O to O 0 , expressed in the fixed coordinate frame fOg, representing the position of the moving platform. a i is the vector from O 0 to the center of the i th spherical joint, which is expressed in the coordinate frame fO 0 i g. b i is the vector from O to O Bi , which is expressed in the coordinate frame fO i g. q i e 3 is the vector from O Bi to O Ci , expressed in the coordinate frame fO Bi g. e 3 ¼ ½0; 0; 1 is the unit vector along the Z Bi -axis. l i v i is the vector from O Ci to the center of the i th spherical joint, which is expressed in the fixed coordinate frame fOg, representing the orientation and length of the passive link, in which v i is the unit vector along the passive link and l i is the length of the passive link.
Rotational matrices were defined to represent the orientation of coordinate frames. R is the rotational matrix from fO 0 g to fOg, which represents the orientation of the moving platform. For the convenience of the error compensation, R is described in the form of the wuw angle, which means that fOg first rotates about its Z-axis, then rotates about its new X -axis, and finally rotates about its new Z-axis. The angles of these three coordinate axis rotations are denoted by ', , and . Therefore, the rotational matrix R can be expressed as follows, in which s and c represent sin and cos, respectively. (1) R Bi is the rotational matrix from frame fO Bi g to fO i g, which represents the orientation of the i th prismatic joint. R Ci is the rotational matrix from frame fO Ci g to fO Bi g. R Bi Á R Ci represents the orientation of the ith rotational joint. R Di is the rotational matrix from frame fO Di g to fO Ci g. R Bi Á R Ci Á R Di represents the orientation of the ith passive link. R i is the rotational matrix from fO i g to fOg and also the rotational matrix from fO 0 i g to fO 0 g. It can be expressed as
where
Equation (3) is the kinematic model of the 3-PRS mechanism simplified from the 3-P(Pa)S mechanism. It can be expressed in a more compact format Fðp; q; rÞ ¼ 0 (4) Equation (4) describes the relationship between the pose of the end effector p, the actuator movement q, and the structural parameters r.
When considering the structural errors, equation (3) can be expressed as
By subtracting equation (3) from equation (5) and considering
Multiplying both sides of equation (6) by
Letting v i ¼ R i e 2 be the unit vector along the rotational axis, and multiplying both sides of equation (6) by
Equations (7) and (8) can be integrated into a matrix equation dp ¼ Jdr
where J is the Jacobi matrix, which can be expressed as
in which 
Thus, the error model of the 3-PRS mechanism is derived as expressed by equation (9), where dp ¼ ½ dP T dθ T T ¼ ½ dp x dp y dp z d' d d T denotes the pose error of the end effector. dr ¼ ½ dr T 1 dr T 2 dr T 3 T denotes the structural errors of the 3-PRS mechanism, in which
dl T i T denotes the structural errors of the ith chain. However, some structural errors are redundant errors, for example, θ Di and θ Ci both represent the orientation error of the passive link, and we removed θ Di . db i along the Z Bi -axis is described as db iz . db iz and dq i both represent the actuator movement error of the i th prismatic joint, so db iz is eliminated. Ciy and Biz are the self-rotation errors of the rotational joint and prismatic joint, respectively, so they are eliminated. There are 11 independent structural errors for each chain and the total number of the errors is 33, listed in Table 1 .
Error projecting method
In this section, the structural errors of the parallelogram structure were projected to the 3-PRS mechanism. The schematic of the i th parallelogram structure is shown in Figure 5 . M i2 N i3 M i3 is considered as a rigid body and the entire parallelogram structure can move vertically along the guide way of the prismatic joint. One coordinate frame is established. In the ideal condition, there is an intersection point of the rotational axis of rotational joint M i1 and the plane that the parallelogram locates in. And the original The structural parameters of one PRS chain related to the parallelogram structure are shown by M i1 N i5 N i4 N i3 in Figure 5 . It is considered that the parallelogram structure and the PRS chain have the same trajectory, thus the structural errors of the parallelogram can be projected to the structural errors of the PRS chain.
Considering a certain circumstance in which the rotation angle of the parallelogram is ' pi , the ideal vector loops between parallelogram structure and PRS chain can be established, expressed in equations (11) and (12)
Then, the structural errors can be regarded as the differential of structural parameters, so the vector loops including error were established, expressed in equations (13) and (14) . In these two equations, there is an approximation that the orientation of the link d i2 is parallel to the link l i . The verification for the feasibility of this approximation is illustrated in the Appendix 1.
Vector loops expressed by equations (13) and (14) are illustrated in Figure 6 , in which e 1 and e 2 are the unit vectors along the x i -axis and y i -axis, respectively. d ij ði ¼ 1*3; j ¼ 1*8Þ and l i ði ¼ 1*3Þ denote the unit vector along d ij and l i , respectively. The differential of the unit vector (e.g. dd ij ) denote the orientation error of the vector, and the differential of the length (e.g. dd ij ) denote the length error of the vector.
By subtracting equations (11) and (12) from equations (13) and (14) , and ignoring high order infinitesimal errors, we obtain Define an operator Wð'Þ ¼ ½ À sin' cos' T . Considering the characteristic of the parallelogram, we obtain
where i is the angle between d i3 and the y i -axis, which is a constant value. Thus, equations (15) and (16) can be written as
dl i and db ix are structural errors in the ith PRS chain. jdd i1 j and jdd i3 j describe the small rotation of the rotational joints in the parallelogram structure.
T represents the structural errors in the i th parallelogram structure. And we further have
in which
Equation (18) is the error projecting function of parallelogram structures. In each chain, eight structural errors of the parallelogram structure were projected to two errors in PRS chain. Since the rest part of the 3-P(Pa)S and 3-PRS mechanisms are the same, the total number of structural errors of a P(Pa)S chain is 17, as shown in Table 2 . And the total number of structural errors of the 3-P(Pa)S mechanism is 51. Additionally, the ideal values of the structural parameters in one chain are illustrated in Table 3 , in which there are only displacement structural parameters since all the angular structural parameters are zero based on the establishment of the coordinate frames.
Thus, the whole error model of the 3-P(Pa)S mechanism is expressed by combining equations (4), (9) , and (18) into an equation set. Compared to the general error model, this model includes the structure error of the parallelogram, so it can fully describe the errors of the 3-P(Pa)S mechanism. The error model has a lot of applications. For example, if the actuator movement q and the 51 structural errors dr p are given, by solving the equation set, the pose of the end effector p and its error dp can be derived, which is called the forward-problem. When a series of actuator movements q and the poses of the end effector p are given, a series of equation sets can be derived, by which 51 structural errors dr p can be derived, which is called the inverse-problem. 
Verification of the error projection
Since the errors of the parallelogram structure were projected to the errors of the 3-PRS mechanism in the new error model, the error projection method needs to be verified. Thus, an experiment was carried out, in which two important structure errors of the parallelogram structure, dd i1 and dd i2 , were investigated. The experiment setup is shown in Figure 7 , and the flow chart of the experiment is shown in Figure 8 , which is explained below. In the experiment, in order to generate structural errors dd i1 and dd i2 , two heating plates were placed on both sides of the link to heat it uniformly and swiftly to ensure that other parts of the spindle head incur much less temperature change. When the temperature stabilizes, it is supposed that the thermal expansion of the link is equal to the corresponding structural error. Although there are original structural errors, according to small deformation theory, they will not influence the increased error of the end effector caused by thermal expansion.
Then, three temperature sensors were placed along the width of the link that corresponding to dd i1 and dd i2 to measure the temperature distribution of the link. The thermal expansion of the link can be derived using Finite Element Analysis (FEA): by adjusting the boundary conditions in the FEA model to ensure that the temperature distribution of the link derived by FEA is equal to the measured temperature value, the relatively accurate thermal expansion of the link is derived, which is considered as dd i1 and dd i2 . Then, dd i1 and dd i2 were inputted into the error model to derive the position error of the end effector.
Next, the position error of the end effector was measured. A ball-ended measuring bar was installed on the end of the motor spindle to make sure the position error of the end effector can be measured along the three axes. Two Charge Coupled Device (CCD) non-contact laser displacement sensors (type: HK-020, Keyence Corp., Japan) were installed along the X -axis and Y -axis to measure the position error of these two axes. A dial indicator (type: 2109S, Mitutoyo Corp., Japan) was placed along the Z-axis to measure the position error of the Z-axis. The needle of the dial indicator and the laser of the CCD sensor are pointed to the center of the ball, so the slope of the spherical surface at the measurement point is zero, making sure that the spherical surface of the ball would not generate error in the measurement.
In the end, the measured error was compared to the error calculated by the error model. Owing to the symmetry of the three chains, only the first chain of the spindle head was analyzed in the verification experiment. The experiment was carried out at four different poses illustrated in Figure 9 , in which the angle on the radius represents the tilt angle of the spindle head, and the angle on the circumference represents the orientation that the spindle head tilt to. At each pose, two structural errors, dd 11 and dd 12 , were investigated, making the total number of experimental groups eight, as shown in Table 4 . In the table, the pose of the end effector for each group was illustrated. Additionally, the investigated structural error (dd i1 or dd i2 ), as well as its temperature rise and thermal expansion (value of structural error) derived by the FEA, was also illustrated.
The results of the verification were shown in Figure 10 . The red columns indicate the measured absolute position error of the end effector, and the blue columns indicate the absolute position error of the end effector derived from the error model. Although the calculation of FEA would induce some error, the difference between the error by error model and measured error is small and the average residual error is less than 10 mm. So it can be concluded that the error projection method is reasonable and effective.
Sensitivity analysis
Sensitivity analysis is one of the most important applications based on the error model, which can derive the influences of the structural errors on the pose error of the end effector, contributing to the evaluation of the goodness of the mechanism as well as assisting the designing process. In this section, based on the error model proposed above, sensitivity analysis of the structural errors of the 3-P(Pa)S parallel type spindle head was carried out. Firstly, two basic indexes, LSI and GSI, were introduced.
LSI and GSI
The forward-problem of the error model can be expressed as ½ p dp ¼ Gðdr p ; qÞ (21) in which dr p represents 51 structural errors of the 3-P(Pa)S mechanism, and they were designated from dr p1 to dr p51 . And we can get p ¼ ½ P T θ T ¼ ½ p x p y p z ' T ; dp ¼ ½ dP T dθ T ¼ ½ dp x dp y dp z d' d d T .
The position error dp pos and the orientation error dp ori are the two factors that influence the accuracy of the end effector. dp pos is expressed as dp pos ¼ jdPj ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi dp x 2 þ dp y 2 þ dp z 2 q (22) dp ori is expressed as dp ori ¼ jðR e À RÞe 3 j
in which R and R e are rotational matrices that composed of θ and dθ, reflecting the ideal orientation of the end effector and the orientation of the end effector with error, respectively. Thus, the sensitivity of the jth structural error can be described as
in which dp represents dp pos or dp ori . It is observed that ! j is relative to the pose of the mechanism since ! j is different in every single poses within the workspace, so it is named as LSI. However, it is expected that the sensitivity index is not affected by the pose of the end effector. By integrating the LSI over the workspace of the mechanism V , the sensitivity is no longer relative to the pose of the mechanism and is denoted by the GSI
The GSIs of the structural errors are listed in Table 5 . Figure 9 . Four poses of the mechanism in the verification.
SSLSI and SSGSI
LSI and GSI are the basic indexes for all kinds of mechanisms. However, based on LSI and GSI, it is preferred to propose a particular index that can better describe the characteristics of a specific mechanism such as the 3-P(Pa)S mechanism. The following factors need to be considered. Firstly, although some errors have larger GSIs, their corresponding structural parameters are small. In manufacturing, the magnitude of the errors is usually proportional to the length of their corresponding structural parameters or positioning dimensions according to ISO-286, so the structural errors that have larger GSI or LSI may not have a large influence on the end effector in the real application. Secondly, it is noticed that GSI and LSI are all positive number, only reflecting the absolute extent of the influence. The new index is expected to have a sign (positive or negative), so we can figure out whether some structural parameters have similar or opposite influence on the end effector. Thirdly, in LSI and GSI, the error of the end effector is reflected by the position error and the orientation error. It is expected to establish a synthetic error that include both position error and orientation error, so the new index is more concise. Fourthly, the LSI and GSI of the displacement error and angular error don't have the same unit to be compared together. It is expected that they have the same unit.
Therefore, the new index is established as follows.
Firstly, a synthetic error that reflects the error of the end effector is established. Only one chain was investigated as an example because of the symmetry. By analyzing the structure of the 3-P(Pa)S mechanism, it is mainly composed of three chains. For each chain, it can be regarded as a planer mechanism in the plane of the chain. Therefore, the structural errors of the chain can be classified into two categories: (1) structural errors within the plane of the chain and (2) structural errors perpendicular to the plane of the chain.
For the first kind of structural errors, these structural errors basically "increase" or "reduce" the length of the chain, inducing the error of the end effector by "rotating" the end effector in the plane of the chain (because the parasitic motion of this kind of mechanism is very small). Thus, we can project the error of the end effector to a unit vector e pi that is in the plane. Since the equilibrium pose of the end effector is along the Z-axis, e pi is defined to be perpendicular to the Z-axis, so the projected error can retain most of the information. For the second kind of structural errors, these errors basically induce the errors of the end effector that are perpendicular to the plane of the chain. Therefore, the error of the end effector was projected to a unit vector e ni that is perpendicular to the plane. The projection process is shown in Figure 11 .
According to Figure 11 , expressions of e pi and e ni are derived. e pi is expressed as
in which i is the angle between the plane of chain i and the X -axis e ni is expressed as
There are 13 of 17 structural errors (dd i1 *dd i8 , da ix , da iz , dq i , Biy , and Ciz ) within the plane of the chain, so the end effector errors caused by these structural errors were projected to e pi . According to Figure 11 , the projection of the position error of the end effector is expressed as
The projection of orientation error of the end effector is expressed as
in which R e e 3 À Re 3 represents the orientation error vector and its length is equal to the value of orientation error. C is the average length of the cutting tool. By multiplying the length of the cutting tool, orientation error of the end effector is transformed to the position error of the tool tip. In this article, the average length of the cutting tool is set to 80 mm. Therefore, the synthetic error can be derived as dp syn ¼ dp 0 pos þ dp 0 ori
There are only 4 of 17 structural errors (da iy , db iy , Bix , and Cix ) perpendicular to the plane of the chain, so the end effector error caused by these structural errors are projected to e ni . And the synthetic error can be similarity derived Table 5 . List of GSIs of structural errors.
GSI to the position error of the end effector (dp Figure 11 . Projection of the position error and the orientation error of the end effector. dp syn ¼ dP T Á e ni þ C Á ðR e e 3 À Re 3 Þ T Á e ni (32) Therefore, the new local index of the jth structural error can be derived. For displacement structural errors, since the magnitude of the errors are usually proportional to their corresponding structural parameters, their corresponding structural parameters or positioning dimensions were introduced as a multiplier
Angular structural errors
in which dr pdj is the j th displacement structural error and r pj is the corresponding structural parameter or positioning dimension. For the parameter whose corresponding structural parameter is zero, the positioning dimension was used. For example, the value of a iy is zero, but its positioning dimension is the distance between two adjacent spherical joints along the Y i -axis. As for angular structural errors, it was firstly multiplied by the length of the corresponding part. So it can be transformed into the displacement structural error. Then, the index was multiplied by the positioning dimension corresponding to the transformed displacement structural error. For instance, the angular error of the guide way was multiplied by the length of the guide way to be transformed to the position error of the end of the guide way. Then, the index was multiplied by the positioning dimension of the end of the guide way. Therefore, the index can be written as
in which r 0 pj is the length of the corresponding part. r pj is the positioning dimension corresponding to the transformed displacement structural error. dr paj is the corresponding angular structural error.
Therefore, the new local index is established and named as SSLSI. The new global index can also be derived by integrating SSLSI within the whole workspace, V, named as SSGSI
Thus, the SSGSIs and SSLSIs of the structural errors can be derived. The SSGSIs of all the structural errors are listed in Table 6 . According to the table, it can be observed that the SSGSI of displacement structural errors and the angular structural errors have the same unit to be compared together. Additionally, there is only one index for each structural error, making the new index more concise.
Since dd i1 , dd i2 , dd i4 , dd i6 , dq i , db iy da iy , and da iz have the largest SSGSIs and their combined SSGSI account for 90.9% of the total amount. Their SSLSIs of these structural errors were mainly analyzed and shown in Figure 12 . The SSLSIs were represented by a polar diagram in which the coordinates along the radius represent the value of the tilt angle of the end effector, and the coordinates on the circumference represent the direction that the end effector tilt to, named as roll angle. Only the SSLSI of the structural errors in chain 1 (i ¼ 1) were illustrated because of the symmetry. For each graph, the plane of chain 1 is marked by a dash-dot line.
Analysis of the sensitivity index
Some conclusions can be drawn based on the SSGSIs and SSLSIs:
1. Arrange all the structural errors according to their absolute SSGSIs, as shown in Figure 13 . It can be concluded from the figure that, among all the 17 errors, the most influential ones are dd i1 , dd i4 , dd i2 , dd i6 , dq i , db iy da iy , and da iz . And they account for about 90.9% of the total SSGSI. Additionally, it can be observed that the structural errors that have largest SSGSI are mostly located in the parallelogram structure. Among these errors, dd i1 and dd i2 represent the error of the two long parallel links of the parallelogram, which are the main part of the parallelogram structure. dd i4 represents the error of the link that connecting the parallelogram and the moving platform. dd i6 represents the error between the center of two rotational joints in the parallelogram. Thus, when manufacturing and assembling these parts, their accuracy should be paid more attention to. 2. Since the relative error is usually considered during the machining, we should not only consider the magnitude of the error but also pay attention to the variation of the error. According to the SSLSI shown in Figure 12 , it can be observed that most SSLSIs vary rapidly at the boundary of the workspace (where the tilt angle of the spindle head is larger). However, near the center of the workspace (where the tilt angle is smaller), the variation of the SSLSIs are slower. Therefore, this spindle head has a better performance near the center of the workspace where the influence of the structure errors varies a little. Additionally, since the standard deviation can reflect the extent of the variation of the data, the standard deviations of the SSLSIs of the structural errors were calculated, as shown in Table 7 . According to the table, da ix , db iy , da iy , dd i1 , and dd i2 have the largest standard deviations. Therefore, if we considering more about the relative errors, these four structural errors should be carefully considered. 3. According to Figure 12 , it can be further observed that some structural errors have similar contour of SSLSI but totally opposite sign (e.g. dd i1 and dd i2 , dd i1 and dd i6 , etc.), which indicates that some structural errors may have opposite influence on the end effector. Especially for dd i1 and dd i2 , although they represent the error of two paralleled links in the parallelogram structure which have the same shape, they have almost opposite influences on the end effector.
The above conclusions are expected to have further applications. The first possible application is the tolerance design of the part of the spindle head. Take dd 11 and dd 12 as an example. Generally, the ideal value of structural parameter is within its upper deviation and lower deviation. Additionally, since d 11 and d 12 have the same length and shape, the tolerance grade for d 11 Since the contour of SSLSIs for dd i1 and dd i2 are similar and their influence on the end effector are opposite, it can be derived that the approximate maximum absolute position error of the end effector would happen when d 11 is equal to its upper bound and d 12 is equal to its lower bound, or vice versa. And the minimum absolute position error of the end effector is zero (when d 11 and d 12 are equal to the ideal value). Thus, the range of the absolute position error of the end effector at each pose within the workspace can be derived, as shown in Figure 14(a) However, since the ratio of the influence of dd i1 and dd i2 on the end effector is about 6:1 according to their SSLSIs and SSGSIs, we can modify the range of their tolerance by slightly improve the tolerance grade of d 11 We can also derive that the approximate maximum absolute position error of the end effector would happen when d 11 is equal to its upper bound and d 12 is equal to its lower bound, or vice versa. And the minimum absolute error of the end effector is zero. So the range of the absolute position error of the end effector at each pose within the workspace can be derived as shown in Figure 14(b) .
It can be derived that after the modification, the cost for manufacturing these two links can be reduced. Because the tolerance grade of d 11 increases one level (IT5 to IT4, accuracy improved by 26%), but the tolerance grade of d 12 can be reduced by two levels (IT5 to IT7, accuracy reduced by 133%). However, the range of the absolute position error of the end effector do not increase but become smaller according to Figure 14 (a) and (b), which means that the accuracy becomes better.
The second possible application is to alleviate the error caused by the temperature change of the mechanism (e.g. the temperature change caused by the friction of the joints or the change of the environment). Since the links corresponding to dd i1 and dd i2 have the same shape and are also parallel and very close to each other, the temperature change of these two links is supposed to be close. The original material of the two links are the same (HT300 gray iron, thermal expansion coefficient: 9:2 Â 10 À6 C À1 ). Take chain 1 as an example, assuming that the average temperature rise of d 11 and d 12 is 5 C, the absolute position error of the end effector within the workspace can be derived, as shown in Figure 15 (a). However, it has been derived that dd 11 and dd 12 have almost opposite SSLSIs, and the absolute SSGSI of dd 11 is about six times as large as that of dd 12 . So if the link that correspondent to dd 12 can generate more thermal expansion, it would compensate the error caused by dd 11 . Supposing that the material of the link that correspond to dd i2 was changed to 7075 Aluminum alloy whose thermal expansion coefficient is 23:6 Â 10 À6 C À1 (2.6 times as large as that of HT300 grey iron), although dd 12 becomes larger, the absolute position error of the end effector is expected to be reduced. The simulated absolute position error after changing the material is shown in Figure 15(b) .
According to the figure, it can be derived that the absolute position error of the end effector were greatly reduced within the workspace. The average position error in the whole workspace can be reduced from 0.0449 to 0.0309 mm. Especially for the near-center area (tilt angle within ½0 ; 20 ) where the spindle head mostly work at, the average error can be reduced from 0.0431 to 0.0285 mm, with the accuracy being improved by 33.9%.
Conclusions
The error model of a novel 3-DOF parallel spindle head based on 3-P(Pa)S mechanism was established. By projecting the structural errors of the parallelogram structure to the errors of the 3-PRS mechanism simplified from the 3-P(Pa)S mechanism, the errors of the parallelogram structure were considered into the error model. Then, the projecting method was verified by an experiment on the spindle head to prove its correctness. Sensitivity analysis of the spindle head was carried out based on the proposed error model. According to the characteristic of the 3-P(Pa)S mechanism, two new sensitivity indexes, SSLSI and SSGSI, were proposed which can better reflect the influence of the structural errors to the end effector error.
By analyzing the SSLSIs and SSGSIs, structural errors that have the largest influence on the end effector were derived, and it is observed that the structural errors that have the larger influence are mainly located in the parallelogram structure. Additionally, the magnitude of the variation of SSLSIs within the workspace were also analyzed. Moreover, it was found that some structural errors have similar contour of SSLSI but totally opposite sign, indicating that they may have opposite influence on the end effector. Based on that, two possible applications to reduce the error of the end effector were proposed and simulated. The error projection method and the new sensitivity indexes proposed in this article are expected to be used in the error modeling and sensitivity analysis of other parallel mechanisms. 
